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Abstract

In this paper, the fuzzy topology induced by n-fuzzy proximity is defined and
a relation between the topologies induced by n-fuzzy proximity and its extension is

obtained.
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1. Introdnction

The concept of fuzzy topology was first introduced by Chang, C.L. [1]. Various
notions in general topology were extended to fuzzy topology by many authors. In 1979,
Katsaras [3] introduced the first definition of fuzzy proximity and the fuzzy topology
induced by the fuzzy proximity. Jayalakshmi [2] introduced n order approximations of
fuzzy sets. Sivakamasundari [4] introduced n-fuzzy proximity p.. and the extension of
it to a fuzzy proximity E (p_,). The concept of fuzzy proximity base was introduced by
Srivastava and Gupta [6] in 1980. Sivakamasundari [5] introduced n-fuzzy proximity base
and product. In this paper n-fuzzy topology induced by n-fuzzy proximity is defined. -

Here n-fuzzy proximity p_, and its extension, the fuzzy proximity, E (p,.) are used
to prove that the topology 8(p_,) induced by n-fuzzy proximity p,. 1s the same as the
topology 8(E (p._.)) induced by the fuzzy proximity E (p..)

2. Preliminary Results
Definition 2.1

Letl ={0,1/m, 2m, ..., 1}.A I -valned fuzzy set on X is an element of the set [ *ofall
functions from X to [ . '

Definition 2.2 [4]
A binary relation p . onI *is called an n-fuzzy proximity on X if p,. satisfies the following

axioms.
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Foranyf, g, helX

(FPyi1) f po+ g implies g pot £

(F Pp+ 2) (fvh) ppeg iff fou-g or hpae g

(FP.3) fpo+ gimplies f#0 and g= 0

(F Po+ 4) f pue g implies that there exists an A < X such that f pgs xa

and (1 ~%a) par g
(F Pps 5) frg=0implies fpe g
The pair (X, pn*) is called an n-fuzzy prpximity space.

To extend the concept of n-fuzzy|proximity to a fuzzy proximity on X, the concept
of nth order approximation introduced in [2] is required. The definition and properties of

nth order approximations are collected below.

Definition 2.3
With every fuzzy set f defined on a set X and with every positive integer n, a finite fuzzy
set "f with values in [_is associated as fallows :

Forxe X
(i) iff(x)=0, define "f(x) = 0.
(i) if 1/n < f(x) < (i+1)/n define "f(x) = (i+1)/n, fori=0, 1, 2, ..., n—1.
of i.s called the nth upper approximation of f.

Proposition 2.4
@) fx)=im="fx)=imfori=1,2,...,n
(ii) Foralln, f<f

(i) f<g=>°<g
(iv) f<g = "f<"

vy "H="f
(vi) “vh) =v(h)

(vil) “(Af) = A(CE)
k=1 k=1
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Definition 2.5
For each fuzzy set f on a set X, the nth lower approximation [ is defined as follows :

Forx e X,
(1) iff(x)=1define f(x)=1
(i) ifim<fx) <(i+1)/n,define fix)=imfori=0,1,2,...,n1.
Proposition 2.6
43 If f(x)=1inthen ,f(x)=iMm, for 1=0,1,...,n-1
(i) f(x)<f(x)foralln.
(iif) f<g = f<,8
(iv) of<g= . f<,g
V) olf) = Jf
V) aAB) = ACH) ‘
Vi) (V£ = VG
Proposition 2.7
(i nf(l-)=1-"fand (1 -f) = 1 —,f
(i) "f<g = "f<,g
(i) f<,g = "<, f<"g = f<g<Tg
(V) (D=7

(v) "D = of
vi) 20=f=0

Proposition 2.8

() If felX then ,f = f=°f

() For AcX, ™A = uta

Proposition 2.9 [4]

Given an n-fuzzy proximity p ,, it is extended to a fuzzy proximity E (p,.) as follows :
F(Ex (pnr)) 8 & °f por "g. Here Ex (Pur) is called the extension of P,

3. Fuzzy Topology Induced By N-Fuzzy Proximity

Definition [Katsaras, 3] 3.1

Let (X, p) be a fuzzy proximity space. For f € [X define el f=1—-v {g e I*{ f p g}.
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The map f — cl fis a closure operator of IX. The collection

dp)={fel|d-D=0-D} isa fuzzy topology on X and it is called the fuzzy
topology induced by p.

Definition 3.2

Let (X, p_*) be an n-fuzzy proximity space. For f € [ X define

KiIf=1-v{ge L'|fp g}

Proposition 3.3

The map f — Kl f is a closure operator gn [ X.

Proof

() KI(0)=0KI(1)=1
(b))  To prove f<KI ()
Let x € X, for f,g € I~ if g pue £, then g A £= 0 and hence either g(x) = 0 or f(x) = 0.

In both the cases we have g(x) < 1 — f (x). Thus S_uPt g(x) £ 1-1(x), which shows that
EPne
Kif=f

(c) To prove Kt (fvg) = KIf) v(K]g)
Let f; <, for i, £ € L™

Then for g € LY, gpur 2 = g oo fi
=Kl (f2) > Kl (f1).
Hence, Kl (fv g) > (K1) v (Kl g)

Now assume ((K1 f) v (K1 g)) (x) < (K1 {f v gj) (x) for somex € X 3.1
Then [v {h € LX |h por £} ] A[V {h €[l.X | h poe g} (X)]

> viheL* hpw (v} ®
There exist hy, hy € I~ s.t by pgolf, hy pos g and
hy(x) > v {h|hpne(fvg)} ()
ho(x) > v {h|hppe (Fv g)} &)
Hence, (h; Ahp) pae (Fv g) and (hy A hy) Jk) > v {h|h pae (FV g)} x) (3.2)

(3.2) contradicts (3.1)
Therefore, Kl (fv g)= (Kl f) v (K1 g)
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(d) To prove KI (K1 £) = K1 {, it is sufficient to prove g p * (K1 f)iff g p * f.
gp* f=>gp* (KIf)is always true.

Suppose g pa (KL f) but g p o+ £, then there exists %a & I.X such that XA pae g (3.3)

and (1-7a) pas f. - (3.4)
G4) = KIf<ya

= XA Pu & (3.5)
(3.3) and (3.5) are contradictory.

Hence, the function f — Kl fis a closure operator.
Definition 3.4

The collection 6(pn*) = {f & [ *| K1 (1 — f) = (1 — f)} is a fuzzy topology on X and it is
called the n-fuzzy topology induced by p_*.

Proposition 3.5
Let cl be the closure operator w.r.t. to the topology S(E (p *)). Then ¢l f=KI (*f).
Proof ‘
For felXcd f = l—v{gelxlgmf}
= 1-v{geI*|"gp."} [By Proposition 2.9] (3.6)
Proposition 2.4 (ii),
g<’ = vi{gel/gp. M)
< vige L/ gy, ) (3.7)
Now {"g € I.*/°(Cg) p,. "D} c {gel*/ gp, "
Proposition 2.4 (v),
") =g > {gelk/ g} c {ge*/gp. "D
= v{"gek /g, "} < vige /%o %} | (3.8)
(B7Nand(3.8) = vi{gel*/"gp,. "} = v{g e LX/ g p., )

Therefore clf = 1—v {®g e LX| g p.. "} = K1 (*0)
Theorem 3.6
Any fuzzy open set in 8(E (p,*)) is In-valued and O(E (p,*)) = 8(p,*).
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Proof
Since ¢l {=KI (*f), cl fis I -valued. . Any fuzzy open set in 8(E (p_,)) is I -valued.
Nowd(E(p.) ={fel”[cd(1-HF1-f}

={fel*|KICQ-H=1-1}
Proposition28 () = (1-H="(1-Hfgrfe I *
Hence, 8(E (p,)) = {f e LX| KL (1 -1} =&(p,,).
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