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Abstract

Necessary and sufficient conditions for a ['-incline to be regular are obtained. It is
proved thatevery commutative regular ['-incline 1s a distributive lattice. Characterizations
of the generalized inverses of an element in a ['incline are obtained as a generalization

and development of regular elements in an incline.
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1. Introduction

The notion of incline and their applications are described comprehensively by Cao,
Kim and Roush{2]. Kim and Roush have surveyed and outlined the algebraic properties
of incline and of matrices over incline [4]. Inclines are generalization of Boolean Algebra,
Fuzzy Algebra and a special type of semiring. Inclines are additively idempotent semirings
in which products are less than are equal to either factor. An element @ in an incline R is
said to be regular if there exists xeR such that axa = a, x is called the g-inverse of a. It is
demoted as - and the set of all g-inverses denoted as a{1}. An incline R is said to be a

regular inchine if every element of R is regular [4].

The concept of I'-ting introduced by Nobusawa {7] as a generalization of ring
was later developed by Bares {1]. Recently Mukherjee has studied about prime ideals,
1dempotency and commutativity on I'-rings in [6].

In [3], Chinram and Siammai have discussed about I'-semigroup S, if a regular
element in D —class then every element of & ~class are regular and for each Z-class and

R-class contains atleast one idempotent if D -class is regular.

In this paper, we introduce the concept of a I'-incline as an extension of an incline
(2] and generalization of I'ring [1,6]. We establish some characterization of regular

elements in a ['—incline. In section 2, we present the basic definition and results required
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on inclines and I'ring. In section 3, equi

valent conditions for regularity of an element in

a I'—incline are obtained as a generalizatipn of regular elements found in our earlier work

[5]. For regular elements in a I'=incling

with equality of left ideals.

2. Preliminaries

In this section, we shall present s
Definition 2.1
AT—ring M is said to be commutative if

Definition 2.2

t is proved that equality of right ideals coincide

pme definitions found in [1,3 and 6].

ayb =bya, for all @, be M and yel.

An element ¢ in a [ring is said to be y-iJiempotent (or) simply an idempotent for fixed T,

if there exists ye T such that eye =e.
Definition 2.3

An element a of a T'—semigroup S is said
that @ = ao x Pa. A regular '—semigroup

regular.
Definition 2.4

A subset A of the I'-ring M is a right(lef
and ATM = { aac / aeA, ael, ceM } (1
right 1deal then A is a two-sided ideal, or

3. Regular elements in I'-incline

In this section, we introduce the
equivalent conditions for regularity of an
commutative I'incline is a distributive 1

of elements in a regular I'-incline reduce
Definition 3.1

Let M and I are additive idempotent abe

written as (a,a,b) — (aab). Then M is ca
xty =y, xH(y+z) = (x+y)tz., xa(y+z
xa(yPz) = (xay)pz , x+x =X, X+txay = X

for all x,y,zeM and o,peT.

to be regular if there exists xe S and «,pel" such

is a ['—semigroup in which each element of S is

t) ideal of M if A is an additive subgroup of M-
M A) is contained in A. If Ais both a leftand a
simply an ideal of M.

concept of a I'-incline and we derive a set of
element in a I'-incline. We exhibit that a regular
ttice. The equality of right (left) ideals of a pair
s to equality of the elements.

ian semigroup and a mapping M x T'x M — M,
led a I'-incline if M satisfies the following:

= Xay+xaz , (y+z)ux = yax+zox

L ytXay =y
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In particular for M = I it reduces to the definition of an incline [4]. Let (M, <)
is a ['-incline with order relation defined as xoy < x if and only if x+xay = x, simply M

denotes the I'-incline with order relation <.
Example 3.2

Let M be an arbitrary incline and let I" be a semigroup . Define a mapping M xI'x M —
M by aab = ab, for all a,beM and ol It is easy to see that M is a ['-incline. Thus an

incline can be considered to be a I'-incline.
Definition 3.3

Let M be a I'-incline. An element a in M is said to be regular if there exist xeM and

a,Bel” such that auxfa = @ and x is called a 1-inverse of a, denoted as a-.
Remark 3.4

All idempotent elements are regular in a [—incline for some I’
Definition 3.5

Anelement ae M is called anti-regular if there exist an element xe M and a,BeT, such that

xBaox = x and X is called a 2-inverse (or) anti-inverse of a.
Definition 3.6

For aeM, if there exists xeM and a,Bel], such that aoxfa = a, xBaox = x and aox = xBa,
then x is called the Group inverse of a. The Group inverse of ¢ is a commuting 1-2 inverse

of a.
Property 3.7

Forx,yinal-incline M, x+y>xandx+y>y.
Forx+y:(x+x)+y:x+(x+y)andx+y:x+(y+y)=(x+y)+y
Thusx+y>xandx ty>y.

Property 3.8 For x,yeM and o€l xay < x and xay <y.

Lemma 3.9

Let eeM be regular. Then a = aox = xBa forall xea {1} and for some a,ﬁeF
Proof

If & is regular, then by Property (3.8)

a = aoxPa Saox <a
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Therefore aax = a.
Similarly, from a <xpa < a, 1t follows th

Thus, a = aox = xPa forall x €a{l}.

Lemma 3.10

it o = xfa.

For aeM, a is regular if and only if a is ¢—idempotent and f—idempotent.

Proof

Let aeM be regular. Then by Lemma (3.
a = aoxPa = (aux)pa = aPa.

a = aaxfPa = ao(xPa) = ana.

Thus a is a~idempotent and f—idempotent.

Converse is trivial,

Proposition 3.11

D) a = aux = xPa for all xea{l}.

If @ is regular, then a is the smallest g-inyerse of g, that is, a < x for all xea{l}.

Proof

Let a be regular, then by Lemma (3.10

eaf1}. Hence by Property (3.8) a <x. Tl

Preposition 3.12
Let M be a commutative I'-incline, M is

Proof

), acafl}. By Lemma (3.9) @ = aox for all x

nus « is the smallest g-inverse of a.

regular then M is a distributive lattice.

Let M be a regular I'-incline then by Lemma (3.10) every element of M is a—idempotent

and p—idempotent for some a, fel’ For :
tyay=x-+txaytyox+y=x+y(ByD
Similarly we can prove for (x + y)B(x +73
x +y is a—idempotent and f—idempotent
(xay)a(xay) = xa(yox)ay = (xax)a(yoy)
Similarly we can prove for (xay)B(xcy) 3
Xay is a—idempotent and f—idempotent 3
some o,pel’

By Property (3.7)x +y>xand X +y > ¥
X +y = least upper bound of {x, y} in M

Now, let us take an element zeM, z < x 4

Iny X, y €M, (X + y)a(x + y) = xox + xay + yox
efinition (3.1))

) = xHy.

and hence x +y is a regular ¢lement in M

= Xoy

= xPBy.

ind hence xay is a reguiar element in M for

nd z <y then, zaz < xay = z < xay.
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xay = greatest lower bound of {x, y} in M.
Thus M is a distributive lattice.

Theorem 3.13

For aeM, the following are equivalent:

(1) aisregular

(i1) a is e—idempotent and f—idempotent for some o,fel’
(i) a{1,2} = {a} '

(iv) Group inverse of a exists and coincides with a

(v) v(Ba)2 = a = (aw)2 u for some u,vea{l} and for some o,Bel.
Proof

(i) = (ii) This is precisely Lemma (3.10).
To prove the theorem it is enough to prove the following implications:
(ii) = (iii) = (iv) = (i) and (i) = (v) = (ii).
(ii)=(iii) If a is o—idempotent and B~idempotent, then aca{l}. For any xea {1, 2} we
have x = xPaax and by Lemma (3.9) we get x = (xPa)ax = aox = a. Therefore a {1, 2} =
{a}
Thus (iii) holds.
(iii) = (iv) If a{1,2} = {a} then a is the only commuting 1-2 inverse of a. Therefore by
Definition (3.6} the Group inverse of a exists and coincides with a.
(iv) = (i) This is trivial.
(i)= (v) Let a be regular, then by Lemma (3.9), for some v, uea{1}, a = (aav)pa = (vBa)
Ba = v(Ba)y’
Similarly a = (aa)*u
Thus (v) holds.
(v)=>(ii) Let a = v(Ba)’ and a = (aa)*u for some v,uca{l}.
By Property (3.8), a=v(Ba) <vBa <a )
= a = vBa = v(pa)*
a = v(Ba)y’ = (vBa)Ba = aPa
Therefore a is p—idempotent. '
[n similar manner we have a—idempotent.

Thus (ii) holds.
Hence the proof.
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Lemma 3.14

Let M be a regular I'-incline. For a,b,ceM and a,BeI the following hold:
6] b=yoa = b= boa = MIbc MIa
(11) c=afx=> ¢ = afc= I Mcgl'™M.

Proof
(i) Let b = yaa, since a is regular. By Lermnma (3.10)
-boa = ya(aca) =yoa=b
Thus b=yoa = boa=b
Letboa=bthenforz eMIb
z=X v b for some xeM and yeI’
=(xyb)oaeMTa
Thusb=boa=MIbc MTIa
Since b is regular, by Lemma (3.9)
b=bobe MIb,since MI'bcMTIa
b = yoa for some yeM.

Thus (i) holds.

(if) Tt can be proved along the same lines{as of (1) and hence omitted. °
Theorem 3.15

Forabina fegular I'-incline and o, e I} we have the following:
Mla=MIbée alM=bI'M<& a=b.

Proof

Since MI'a = MI'b, implies MI'ac MI'band MTbc M Ta
By Lemma (3.14) (i) we have
MlacMIb=a=aob=a<b (By Property (3.8))
and MIbcMIa=b=bfa=b<a (By Property (3.8))

Therefore a=Db. In a stmilar manner we c4an show al’'M = bI' = a = b. On the other hand
a = b automatically implies MI'e = MI'b and al’'M = bI'M.

4. Conclusion

The main results in the present paper are the generalization of the available results
shown in the reference for elements in a fegular incline [5].




Regular Elements in a ['-incline

We have introduced the concept of I'-incline as an extension of an incline. An
element « is regular if and only if @ is ¢—-idempotent and B—idempotent and a is the only
1-2 inverse of a. For elements in a I'-incline it is proved that equality of right(left) ideals

coincide with equality of elements.
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