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, matrices over the fuzzy algebra & with support

[0,1] and fuzzy operations {+,.} define{i as a+b=max{a, b },a. b=min {a,b} foralla

,be & Let&  bethesct of all mxn fuzzy matrices over §. In short § denotes & . The

row space R(A) is the subspace of §, | ge erated by the rows of A, the column space C(A)

is defined in the dual fashion. A matrix

§ __issaid to be regular if there exists Xe &

such that A X A = A, X is called a generalized inverse (ginverse) of A. Let A{1} denotes

the set of all g-inverses of A.

A Matrix Ae & _is said to be righ
that A¥ X A = Ak (AYA*=AY), X(Y) isc
positive integer.. Let A {1} and A | (1¥
inverses of AeF . In [3] it has-been proy
a fuzzy matrix are distinct. In this paper.
right or left k-regular. If A is k-regular, t
the set of all k-regular fuzzy matrices.
k-g inverse of A. In particular, for k=1,
g-inverses. If A is k — potent, that is, k 1
then k regularity coincides with regulari
regular, then there exists Xe &_such thal
=X A¥-1 and Z=A*-1 X. In this paper, we

t(left) k- regular if there exists X (Y) € §_, such
hlled a right (left) k-g inverse of A, where kis a
be the set of all right k-g inverses and left k-g
ed that right k-g inverse and left k-g inverse for
by a k-regular matrix, we mean that it is either
hen it is h regular for all h > k. Let & ® denotes
Let A{1}) = A {1 U A, (1% be the set of all
it reduces to a regular matrix and set of all its
s the smallest positive integer such that Ak = A,
y. If A¥ is regular then A is k-regular, for if A* is
A¥XA¥*= A* and hence AXYA=Ak=AZA* for Y

introduce a special type of ordering for k-regular
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fuzzy matrices as a generalizatton of the minus ordering studied in [2] for regular fuzzy

matrices.

In the sequel, we shall make use of the following results found in [1].

Lemma 1.1

ForA,Be & ,

R(A) c R(B) < A =XB for some Xe &
C(A)cCB) < A=BY forsome Ye & .

Lemma 1.2

ForAe § ®Wand Xe & XeA {1} XTe AT(1H
2. Orderings on k—Regular Fuzzy Matrices

In this section, we define a special type of ordering and called it as k — ordering
for k-regular fuzzy matrices. Some basic properties on a pair of k — regular fuzzy matrices

under this ordering are discussed.

Definition 2.1
ForAe § ®, B e & _; the ordering denoted as A < B is defined as
A<B&  A¥X=B¢X forsome XeA {14
and YAk =YB* for some YeA {14}

In particular for k=1, Definition (2.1) reduces to minus ordering on fuzzy matrices
found in [2]. If Xe A _{1*}, then X need not be a g —inverse of A%, This is illustrated in the
following example.

~ Example 2.1

LetA=(03 0.7] A%=1{05 0.3
05 0 )’ 03 0.5

For X=10.3 0.7

0.5 0_), A°’XA=A%Hence XeA {1% and Ais 2 —regular, but AZXA?
# A, therefore X is notin A?{1}. Thus X is a 2 — g inverse of A but X is not a g — inverse
for A2,

Lemma 2.1
For Ae § ®and B € § ; the following arc equivalent.
(i) A<B
(i) A*=B* X A= AYB* for some X, Y € A {1%}
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Proof
= (i)

A< B = A¥ X =B X for some XeA {1*}

and Y A*=YB* for some YeA {1¥}

Now, A*= (A*X) A =B* X A for some X e A {1¥}
A¥= A (YA¥) = AY B* for some ¥ A }{1%}

A¥=Bk X A =AY Bk for some X
Thus (1) holds.

(i) = ()

Let Z=XAX for X €A {1*}
AKZA = Ak (XAX) A= (A*X A) XA =A}
= ZeA {14
Similarly, AZA*= Ak for Z =YAY for Y
= Z eA{1%}
Thus, for Xe A{l*}, Z=XAX A {I*
XeA,{1%.
Now, A*Z=Akr(XAX)=(A*XA)X=/4
Hence A*Z =B'Z for some Z eA {1%}.

Similarly, ZA* = ZB* for some Z € A {1}}.

Therefore A < B. Thus (i) holds.

Hence the Theorem.

Lemma 2.2
For A, Be § ®

LY €A {1%}

X A=A

A {1%}

b when XeA {1%} and Z = XAXeA {1*} when

Ak X = (B* XA) X = B* (XAX) = BZ

(i) If B is right k-regular and R(A*) < R(B*) then A¥ = A*B'B for each right k-g inverse

(i) If B is left k-regular and C(A%) < ((Bk) then A* = BB-A* for each left k-g inverse

B of B. '
B of B.
Proof
(i) RIAH c R(B¥) => Ak = XBF
= XB*BB
= A'BB
Thus (i) holds.
(ii)) C(A¥) c C(BY) = A* = BKY
"= BBBYY
= BB-Ak
Thus (ii) holds.

(By Lemma 1.1)
(for each B-eB {1*})

( By Lemma 1.1)
(for each BeB {1%})
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Theorem 2.1
For A,Be §®,if A< B then R(A¥Y) < R(BY), C(A¥Y) < C(B¥) and
A¥X B = A*=BYA" for each X eBr{1*} and for each Y &B,{1%}.

Proof :
A<B = Ak=AYB:=B:X A : ( By Lemma 2.1)
= Ak=VBk=B*U, where V=AY and U = XA
= R(AY < R(B¥) and C(A¥) < C(B¥) (By Lemma 1.1)
A'XB = A*=BYA* for each X eB {1} and for cach Y eB {1*} ( By Lemma 2.2)

Theorem 2.2

For ABec § ® | the following hold.
(A< A

(i) A< B and B < A then Ak = Bk
(i) A< BandB< Cthen A< C

Proof
(i) A< Ais trivial.
(i) A<B=A*=B*XAforX A (1Y}  (ByLemma2.1)
B< A= B*=BYA*for YeA {1} ( By Lemma 2.1)
Now, Ak =B* XA = (BYAYXA = BY(A* XA) = BYAk = Bx
Hence A< Band B < A = Ak =Bk
(ili) A < B= A*=AkB-B=BB-Ak (By Theorem 2.1 and Lemma 2.2(i))
B < A = B¥=CxB-B= BB-CX (By Theorem 2.1 and Lemma 2.2(i))
LetZ=BBX for B eB {1*} and X €A {1¥}
Then A* ZA = (A*"B-B)XA = Ak XA = Ak
Therefore Z e A {1%}
IfZ=YBB for B B {1*} and YeA {1¥} then it follows that AZAk = Ak
Therefore Z €A {1%}. .
Since A < B and B < C, applying Theorem 2.1, we have
AkZ = A (BBX)
= (A*BB)X
=AFX (By Theorem 2.1)
=BxX
=(C*BB)X { By Lemma 2.1)
= (BB B¥x
=C(BB X)
=CZ forsomeZeAr{lk}.
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and ZA* = Z C* for some Z A {1*} canjbe proved in a similar manner.
Hence Z € A{1%} with AkZ = C* Z and ZJA* = Z C*. Therefore A < C.

Remark 2.1
In particular for k = 1, Theorem(2.2) red

uces to Theorem(2.2) of [2], that is, the minus

ordering 1s a partial ordering on regular mhatrices.

3. Properties of k-ordering

In this section, we shall derive sorpe basic properties of k — ordering on k - regular

fuzzy matrices that include the results found in [2] as a special case.

Proposition 3.1 -
ForABe §®, A<B<«AT< BT
Proof

A<B<¢  AFA =BA forsomeA'leA {14}
and A'A*=A B* forsome A" gA {1¥}

By Lemma (1.2), AeA {l'}< (A) €A
AXA- =Bk A
<SAFA)YT=(BA)T
S (A)T(AHT=(A)T(BYT
& (A) (A T=(A)y (BYT

{15,

Thus A¥ A = Bk A" &> (AT) (AK) T = (AY|(BX )"
Similarly A A¥ = A" BX &> (A%) T (AT) = (BX )T (ATY

Hence A< B <> AT < BT

Proposition 3.2

For ABe §®,A < B <> PAPT < PBPT ffor some permutation matrix P.

Proof

Since A is k- regular, it can be verified that PAPT is k- regular and PA- PY is a k-g inverse

of PAPT for each k-g inverse A" of A.

Now, (PAPT ) (PAPT)*  =PA" PT PAYPT

= PA{(PT P) A%PT

= P(A A% )P
=P(A B*)Pf

= (PA  P7) (PB* P")

= (PAP" ) (HBP"):
Hence (PAPT ) (PAPTY* = (PAPT ) (HBPT):
Similarly (PAPTY: (PAPT ) = (PBPT)< (PAPT )
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Hence (PAPT) < (PBPY)

Conversely, if PAPT < PBPT, then by the preceding part,
A =PY(PAPTP < PY(PBPTP =B

Thus A < B.

Proposition 3.3
ForA,Be §®,if A < B with B* is idempotent, then Ak is idempotent.

Proof
Since A < B, By Lemma (2.1)
A2k = Ak Ak
= (AYBY) (B*XA)
=AY (B * ) XA = (AYBY)XA= Ak X A= Ak
Remark 3.1

In the above Proposition 3.3, if A < B with A% idempotent then B2 need not be idempotent.
This is illustrated in the following.
Example 3.1

1 01 -
-I and B= L O—I Here A<B for A'=A, But B ig not idempotent.

1
Consider A=
onsider ]'1 )

Proposition 3.4
ForA,Be §%, if A < B then B* = 0 implies Ak = 0.

Proof

Since A< B=> Ak =AYBk (By Lemma 2.1)
=0
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