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1. Introduction

Closure spaces were introduced by E.Cech [3]. The notion of closure system and closure

operators are very useful tools in several areas of classical mathematics. They play an important role
in topological spaces , Boolean algebra , convex sets etc. This led several authors to investigate the
closure operator in the frame work of fuzzy set theory. Gerla et al. [1] studied fuzzy closure operator
and fuzzy closure system as extension of closure operator and closure system respectively . Fuzzy
closure spaces were first studied by A.S. Mashhour and M.H Ghanim [4,5]. Recently , Chawalit
Boonpok introduced the notion of biclosure spaces [2]. Such spaces are equipped with two arbitrary
fuzzy closure operators. He extended some of the standard results of separation axioms in closure
space to biclosure space. Thereafter a large pumber of papers have been written to generalize the

concept of closure space to biclosure space.

In this paper we study the concept of normal fugzy biclosure spaces and study some of their properties.
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2. Preliminaries

In order to make this paper self contained , we briefly recall certain definitions and results. In
this paper , let X be an arbitrary nonempty set,I1=[0,1] and I* be a family of all fuzzy sets of X. For
afuzzyset 4 of X, cl(A),int(A4)and 1- 4 will denote the closure of A , the interior of 4 and the
complement of A respectively whereas the constant fuzzy sets taking on the values 0 and 1 on X are

denoted by 0_and 1, respectively.
Definition 2.1 {5,7]

A function u : I¥ — I* defined on the family I* of all fuzzy sets of X is called a fuzzy closure
operator on X and the pair (X , ) is called fuzzy closure space , if the following conditions are

satisfied

D) up=¢

2) A< u (A4)forallA e IX

3) u(Av B)=u(A)vu(B) forall4,B € I*.
Definition 2.2 [ 4 ]

A fuzzy subset A of a fuzzy closure space (fcs) (X,u)is said to be fuzzy closed , if
u A= A and it is fuzzy open if its complement X - 4 1s fuzzy closed.

The empty set and the whole set are both fuzzy open and fuzzy closed.
Definition 2.3 {4 ]
A fuzzy closure space (Y, v) is said to be a fuzzy subspace of (X,u) if

Y<X and v 4 =u AA Yforeach fuzzy subset A <Y IfY is fuzzy closed in (X, #) , then the
fuzzy subspace (Y, v) of (X, u ) is also said to be fuzzy closed

Definition 2.4 [6]

Let (X, u) and (Y, v) be fuzzy closure spaces. Amap f:(X,u)— (¥,v) is said to be fuzzy
continuous if f(ud) < vf(4) for every fuzzy subset 4 < X. In other words a map

£ (X, u)— (Y,v) s fuzzy continuous ifand onlyif 4f'(B) < f~'v(B) for every fuzzy subset B< Y.
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Clearly , if map f:(X,u)— (¥,v) is fuzzy continuous , then f7'(F)is a fuzzy closed subset of

(X , u) for every fuzzy closed subset F of (Y,
Definition 2.5 [6]

Let (X ,u)and (Y, v) be fuzzy closurs

v).

> spaces. Amap f: (X, u) —>(¥,v)issaid to be fuzzy

closed (resp.fuzzy open) if f(F) is a fuzzy closed (resp.fuzzy open) subset of (Y, v) whenever F is

a fuzzy closed (resp. fuzzy open) subset of (X

Definition 2.6 [8]

’u)-

A fuzzy biclosure space is a triple ( X,u,,u,) where x be a sct and u,u, are two fuzzy

closure operators on X.

Definition 2.7 [8]

A subset 4 of a fuzzy biclosure spacg (X, u,,u,) is called fuzzy closed if wu,A=A. The

complement of fuzzy closed set is called fuzzy open.

Clearly, 4 isa fuzzy closed subset of fuzzy biclosure space (X, u, }if and only if Ais both a fuzzy

closed subset of ( X,u,) and (X, 1, ).

Let 4 be a fuzzy closed subset of a fuzzy bi¢losure space( X,u,,u, ). The following conditions are

equivalent

() wud=A4

(i) yA=4,u,4=4.

The following statement is obivious :

Proposition 2.8 [8]

Let (X,u,,u,) be a fuzzy biclosure space and let A< X .Then

(i) A is fuzzy open if and only if A= X —ut,(X - 4) .

(ii) If Gis fuzzyopen and G< 4, then G| X —uu, (X - 4) .
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Definition 2.9 [8]
Let (X,u,,u,) be fuzzy biclosure space. A fuzzy biclosure space (Y,v,,v,) is called a fuzzy

subspace of ( X,u,,u,)if y < y and vA=u,AAY foreach ie {1,2} and each subset A< ¥,
Proposition 2.10 [8]

Let (X,u,u,) be fuzzy biclosure space and let (7, v,¥,) be a fuzzy closed subspace of

(X,u,u,). If F isa fuzzy closed subset of (¥,v,v,), thenFisa fuzzy closed subset of (X, u,,u,).
Proposition 2.11 [8)

Let {(X,,u,' ,u,’):a € J} be a family of fuzzy biclosure spaces and letfeJ.ThenFis a
fuzzy closed subset of (Xﬁ,uﬁ‘,uﬂz)if and only ifoHXa is a fuzzy closed subset of
an

aal

|J[CARRTD

a»fi
aet

Proposition 2.12 [8]

Let {(X,,u,',u,’):a € J} be a family of fuzzy biclosure spacesandlet S e J. Then G isa
fuzzy open subset of (X5, u,',u,”)if and only if G x I1x. isaﬁlzzyOpensubsetofH(Xa, u,\u’).

aw
et ae.‘?

3. Normal Fuzzy Biclosure Spaces

In this section we introduce the concept of normal fuzzy biclosure spaces and study some of

their properties.
Definition 3.1

A biclosure space (X,u,,u, ) is said to be normal fuzzy biclosure space if, for every disjoint
fuzzy closed subset H of (X, u,) and fuzzy closed subset X of (X ,u,) thereexist disjoint fuzzy
open subset U of and (X ,u,) fuzzy open subset of such that & <{/ and K<vy.

Example 3.2.

Let X ={a,b}.For any g.j* ,let supp A={xe X : A(x) > 0} .Define fuzzy closure
operators u, , u, : I* — I* by the following (for simplicity , we identify each ordinary subset of X

with its characteristic function) :
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mA=u,4={a}
wA=u,A={b} ifsupp 4= {b}
wA=u,A=X ifsupp A=X
uA=u,A=¢

if supp A ={a}

ifsupp A=¢

Then (X,u,,u,)is a norinal fuzzy biclosure gpace.

Lemma 3.3

Let (X,u,,u,) be a fuzzy biclosure space and let (¥,v,,v,) be a fuzzy closed subspace of

(X,u,,u,)If G is afuzzyopensubsetof (X} ) and afuzzy opensubsetof (X ,u,) ,then GAY

is a fuzzy open subset of (Y,v)) and a fuzzy gpen subsetof (Y,v,) .

Proof
Let G be a fuzzy open subset of (X,

Since
VY A(X -G)=y(Y-(GAY)). Hence ,
(Y,v,) .Consequently G A Y is a fuzzy opens
of (X,u,), then GAY is afuzzy open subse

Lemma 3.4

Let (X,u,,u,) be a fuzzy biclosure s|

( X,u,,u,).If Fis afuzzy closed subset of (¥}

Proof

Let Fbeafuzzy closed subset of (Y,
and (Y,v,).Consequently F =vF =y FAY
F isboth a fuzzy closed subset of (X , ;) and|

Proposition 3.5

Let (X,u,,u,) be a fuzzy biclosure s

Y- (GAY)=Y A (X -G)=uY A

k).

(X~ =u, Y AM(X-G)) =u(YA(X-G))AY =
Y -(GAYY)

ubset of (¥,v).Similarly, if G is a fuzzy open subset

tof (Y,v,).

is a fuzzy closed subset of

pace and let (Y,v,v,) be a fuzzy closed subspace of

v,,V,), then F is a fuzzy closed subsct of ( X,u,,u,).

,v,) .Then F is both a fuzzy closed subset of of (¥,v)
u F AauY =u(F AY)=uF and F =u,F Therefore,
(X,u,).Hence F is a fuzzy closed subset of ( X, u,,u, ).

pace and let (Y,v,,v,) be a fuzzy closed subspace of

(X, u,u,). If( X,u,,u,) is a normal fuzzy biclosure space, then (Y,v,,v,) is a normal fuzzy biclosure

space.
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Proof

Let 4 be afuzzy closed subset of (¥,v,)} and B be a fuzzy closed subset of (Y,v,) such that
AnB=¢ ByLemma3.4, 4 is afuzzy closed subsetof (X, ) and Bis a fuzzy closed subset of
(X,u,). Since (X,u,,u,) is a normal fuzzy biclosure space , there exist fuzzy open subsets U of
(X ,u,) and a fuzzy open subsets ¥ of (X,u,) suchthat 4 </, B<V and U AV = ¢ .Consequently,
A<UAY ,and (UA AV AY)=¢.ByLemma3.3, UAY isa fuzzyopen subsets of (¥,v)and

V AY isa fuzzy open subsets of (¥,v,) .Hence (¥,v,,v,) is a normal fuzzy biclosure space.
Proposition 3.6

Let {(X,,u.,u2):aeJ} beafamily of fuzzy biclosure spaces. Then [ [(X,,u, ,u}) is

aet

normal fuzzy biclosure space if and only if (X uy ,%,) is a normal fuzzy biclosure space for each

acJ.

Proof

Suppose that | [(X,, u, , %) is normal fuzzy biclosure space. Let & J and let 7 be fuzzy

aeS

closed subset of (X,u;) and g be fuzzy closed subset of (X,u;) such that FAF =g¢. Then

F ana is a fuzzy closed subset of H(Xa,uf,) and F 'XHXG is a fuzzy closed subset of

aeS aeJS aeS
[I(X..43) such that (Fx[ [X ) A(F' x[ [ X,)=¢. Since [ 1., %) is a normal fuzzy
act aecs ael aes

biclosure space , there exist a fuzzy open subset Uof (X5, u}’g) and a fuzzy opensubset ¥ of (X, u;)

suchthat F<l/, F <y and UAV =¢ .Hence, (X ﬁ,u;,,u;) is a normal fuzzy biclosure space .

Conversely, Suppose that (X_,x.,u ) is a normal fuzzy biclosure space for each o ¢ J . Let
F be a fuzzy closed subset of l—[ (X,,u;) and g be a fuzzy closed subset of H (X,»%;) such that
aet et

F AF' =¢.Then 7,(F) is a fuzzy closed subset of (X, u;,) and 7z (F ) is a fuzzy closed subset of
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(X,.uy). Since (X ,,u,,u;) is a normal fuzzy biclosure space , there exist fuzzy open subset [/ of

of (X ﬂ,u;) and fuzzy open subset J of (

Therefore, F < ;z"ﬂ(U) = UXI—;X& and F

aed

fuzzy open subset of (X,,u,) and ¥ x[]X|,

azf

aeJ

X ;,u;) such that F<U ,F' <V and UAV =¢ .

S]Tﬁ”‘l(V) = VxHXa . Corlsequently, UXEX“ is

a#j
aet

oed

is a fuzzy open subset of H(Xa,ui) such that

aet

(UxHXa)A(VxHXa) =¢. Hence, H(Xa, u. ,u’) is a normal fuzzy biclosure space.

a#f

oed

a=f aeJ

aed

Proposition 3.7

Let (X,u,u,) and (¥,v,,v,) be fuzz

y biclosure spaces. Let f:(X,u,u,)—(Y,v,v,) be

injective , fuzzy closed and fuzzy continuous, If (¥,v,,v,) is normal fuzzy biclosure space , then

(X,u,,u,) is anormal fuzzy biclosure space.
Proof

Let f be fuzzy closed subset of (X ,u

1) and F" be fuzzy closed subset of (X,u,)such that

F AF =¢.Since f isinjective and fuzzy cl

sed, f(F) is afuzzy closed subset of (¥,v,) and is

a fuzzy closed subset of (¥,v,) such that f(FYA f(F)=¢. Since (¥,v,v,) normal fuzzy biclosure

space , there exists a disjoint fuzzy open subse} {/ of and (¥,v,) and a fuzzy open subset V of (¥,v,)

suchthat f(F)<U and f(F')<V .Since f|is fuzzy continuous, f~(U)is a fuzzy open subset of

(X,u)and £7(V) is a fuzzy open subset
1 ¥)

(X,u) such that F<f'(U), F <f'(V)and

' WYAf' (V) =¢.Hence, (X,u,u,) isapormal fuzzy biclosure space.
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