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The purpose of this paper is to introduc
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1. Introduction

Significant contribution in the theory o

been made by eminent researchers in [3, 4, 5,

e the notion of fuzzy strong n-inner product space as a
ce. Ascending family of strongea -n-inner products

is introduced and we provide some results on it.

y n-inner product, fuzzy strong n-inner product, ¢ -n

490, 03E72.

f 2-inner product space and n-inner product space has

b, and 7]. Recently, Vijayabalaji and Thillaigovindan

have introduced the notion of fuzzy n-inner prodhct space in[9]. In this paper as a natural generalization

of fuzzy n-inner product space we introduce
Vijayabalaji and Thillaigovindan raised a probl
[9] and answer to this problem is provided in

space.

Analogue of a-n-inner product space in [9] v

space. We then interrelate o-strong n- inner pi

the notion of fuzzy strong n- inner product space.

em of constructing o-n-inner product space Studied in

this paper by constructing o - strong n-inner product

ve introduce the notion of a-strong n-inner product

oduct space and o-n-normed linear space.

176




Fuzzy Strong n-nner Product Space

2. Preliminaries
In this section we recall some concepts which will be needed in the sequel.
Definition 2.1 [2]

Let n be a natural number greater than 1 and Y be a real linear space of dimension greater
XxX.xX=X"
 S——

{n+l)times

than or equal to nand let (e,ele,...,o ) be areal valued function on satisfying

the following conditions :
(D @) (x, x| x55.005%, ) 20,
(i) (x,x| x,,...,x,) =0if any only if x,x,,...,x, are linearly dependent,
(2) (X371 X550009 %, )= (P X | Xy geues X, )
(3) (x,ylx,,...,x,) is invariant under any permutation of x, x,,...,x,,
(4) (%, x] xp50in 2, ) = (2,2, | X, X500 X, ),
(8) (ax, x| xp5euisx,) = Q(X, % | X550 X,)
6) (x+x,y] Xygen X, ) = (X, 5] xz,...,xn)+(x',y | X500 %)
Then (e,e|e,...,e} is called an n-inner producton X and (X, (e,e|e,....,e)) is called an n-inner
product space.

Definition 2.2 [8]

Let n be a natural number greater than 1 and Y be a real linear space of dimension greater

thanor equalton. A real valued function || e, e ,...,e || on X X X...x X = X" satisfying the following

Hiimes
conditions

(1) §l x5 x,5..., X, ll= 0if any only if x,, x,,..., x, are linearly dependent,
(2) )l x,s %55...,x, || is invariant under any permutation,

G) Fx,%p5nax, | =] @] || %, %50, %, |l, forany g e R(real),

(D) 130 %5500 Xty ¥+ 2 S 25 X500 X Y| 1 205 X500 X052 |1,

is called an n-norm on X and the pair ( X, |l e,e,...,s ||} is called an n-normed linear Space.
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Remark 2.3 [8]
In the above definition if we replace (3

3 1% Xz, [=1al? [ 2, %500 %, |l £

then (X, || e, .., o ||} is called as quasi n-nom

Remark 2.4 [3]

product

If n-inner

11 %03 %30y [ =G, 1 %, 3%, ) defines an

Cauchy-Buniakowski inequality is also true |

an spac

Definition 2.5 [8]

Let X'be a linear space over areal field

is called a fuzzy n-norm on X if and only if
(N1) For all /e R with <0, N(x,,x,,....X%,,
(N2)Forall t€ R with >0, N(x,,%x,,...,%,,1
(N3) N(x,,%,,..-.%,,¢) is invariant under any
(N4) For all ¢ ¢ R with >0, N(x,,%,,...,CX,,
{(NS) For all 5,te R, N(x,,%;,...,%, + xn',s +
(N6) N(x,,%,,....X,,t) is a non-decreasing fu
Then ( ¥, N ) is called a fuzzy n-normed line
Remark 2.6 [8]

In the above definition if we replace (]
(N4)' For all s R with >0, N(x,,x,,...
0< p<1. Then ( x,N)is called a fuzzy quj
Theorem 2.7 [8]

Let ( x,N)beaf-n-NLS. Assume th

(N*) N(x,,%,,...,x,,0) >0 for all 150 in

) by,
rany g € R(real yand 0< p <1,

led linear space.

e (X, (e,0le,.0se)) is given then

n-norm on X . Further the following extension of

:x3y|x2""’xn) I$ -\}(X,XIXZ 3-'-sxn) \;‘(y,y | 'xz "",‘xn) .

F. A fuzzy subset N of X" x R (R -setofreal numbers)

1)=0.
)=1ifand onlyif x,,x,,..,%, are linearly dependent,

permutation of x,,x,,..., X, .

t
’ICI)

)= min{N(x;,x2,...,xn,s),N(x,,xz,...,x,,',t) }

= N, XX —=) if ¢ £0,ce F (field).

hctionof ;e B and N(X Xy 500X,,0)=1.

>
ar space or in short f-n-NLS.

N4} by,
t
=)

lel”

4si n-normed linear space or in short f-g-n-NLS.

cx, )= N, Xm0k, if c20,ccF (field),

e condition that

iplics x,,x,,...,x, are linearly dependent. Definc
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%5 %5 500Xy = i0E { £ N(x, X000 %, 8) 2@ }, @€(0]). Then{|oe,...0|, :ae(0)) } is an
ascending family of n-norms on X. We call these n-norms as & -n-norms on X corresponding to the
fuzzy n-norm on X.
Definition 2.8 [9]
Let X be a linear space over a real field F. A fuzzy subset
J: X™ x R —[0,]] (R -set of real numbers) is called a fuzzy n-m on x if and only if:
(1)Forall f€R with 10, J(x,x]|x,,...,X,,2) = 0.
(2) Forall 1€ R with >0, J(x,x]|x,,..,x,,t)=1 ifand only if x,x,,...,x, are linearly dependent.
(G)Forall >0, J(x,y| Xy X, ) =J (¥, X | X550 X,58) .
(4) J(x,y{x,,...,x,,f) is invariant under any permutation of x,,...,x,.
(S)Forall t>0, J(x, x| x,,.... %,,0)=J(x,, X, | X000 X, 2)

t
(6) Forall t>0, J(ax,bx|x,,...,x,,1)= J(x,xlxz.---,x,,,la—bl),a,beR (real).
() Foralls,t e R, J(x+x,y|x,,....%,, +5) > min { J(X ¥ | X pees X ), J(X ¥ | X300 X, 8) }

(8) Forall s,s € R with $>0,¢>0, J(x,y| %y, X,,VIs) 2
min {J(x,x|xz,...,x,,,t),J(y,y|xz,...,xn,s) },

lim
(%) J(x,y|x;,...sX,,t) is a non-decreasing function of ¢z € R and oo J(x,y|%;500%,,8)=1.
Then ( x,.7 ) is called a fuzzy n-inner product space or in short f-n-IPS.
3. Fuzzy strong n-inner product space

By generalizing Definition 2.8 we obtain the new notion of fuzzy strong n-inner product
space as follows.

Definition 3.1

Let X be a linear space over areal field F. A fuzzy subset J : X" x R —[0,1] (R -set of real

numbers) is called a fuzzy strong n-inner product on X if and only if:
(1) Forall te R with <0, J{x, x| x;,..., %,,8) = 0.
(2) Forall te R with >0, J(x,x|x,,..,x,,t)=1 ifand only if x,x,,...,x, are linearly dependent.

(3) Forall ¢>0, J(x,y|x,,...,x,,)=J (3, x| X0, X, , 1) .
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(4) J(x,v]x,...x,.t) isinvariant under any permutation of x,....,x,.

(SyForall 150, J(x,x} Xy, %,,8)=J(x;,X,
(6} Forall 1 >0, J(ax,bx|x,,....%,,t)= J(x,
(7 Forall s, € R, J(Xx4X,Y| X500y X8 + 5)
(8) Forall s,re R with s>0,t>0, Jix,y|x

min{ J(X,5 | Xy gy X, s Do J (15 V| Xyeiis X, 58)
(D) J(x,y|x5,0.5%,,

Then ( y,J) is called a fuzzy strong n-inner |

Example 3.2
Let (x,(e,e|e,..,e)) beann-inner product
¢

J(x, | xy500, X, ,8) = 1+ | (x,¥| X550 %,) |
o,otherwise.

*

Then ( x,J)1s a f-ST-n-IPS,
Proof
As givenin [9].

4. Strong « - n-inper product space

| X,peis X5 2)
Ixz,...,xn,—t—),a,beR (real).
|ab|
= min { J(6,p | X5 X oo J (X, ¥ | X3y X, 8) 1.

,...,xn,\/g) =
b,

lim
t) is a non-decreasing fungtionof te R and f s J(x, ¥ %y ,00%,,0) =1

product space or in short f-ST-n-IPS.

space. Define

when t> 0,2 R,(x,y| x,,...,x,) € X"

Analogue of ascending family of quasi ~n-norms corresponding to the fuzzy quasi n-norm

that was introduced in [9], we now introduce th

e new notion of strong -n-inner product corresponding

to fuzzy strong n-inner product in the following theorem.

Theorem 4.1

Let ( x,J) be a f-ST-n-IPS. Assume the condition that

(10) J(x, ¥ ]| x,50.. X,,2) > O implies x, x,,..., X

Define (x,x|X;5..sX, ), =inf { £:J(x, %] %,5-4,

"

are linearly dependent.

x,)2a Yae(0,)).
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Then{ (o,0]0,...,9), :aec(0]) }, is an ascending family of strong n-inner products on X.
We call these n-inner products as strong ¢ -n-inner product on X corresponding to the fuzzy strong n-
inner product on X.
Proof
e (1) Clearly (x,x|x,,..,%,), 20,
(11) (e, x]x,,..,x,), =0

=inf{ £:J(x, x| X, X,,0) 2@ }=0

=Forall te R,t>0, J(x,x|x,,...,%,,0)2 >0, a (0.

= By (10) x,x,,..., x, are linearly dependent.
Conversely assume that x, x,,..., x, are linearly dependent.

= By (@) J(x,x|x,..,x,,8)=1forall ;50

=Forall a € (0,) inf{ J(x x| x5 X,,0) 2 }= 0

= (x5 x]|x,,...x,), =0.
(2) As J(x,y[x;,...4%,,¢) is invariant under any permutation of x, x,,...,x, it follows that
(x,x|x,,...,x,), is invariant under any permutation.
(3)Forall ceF,
(cx,x| Xy5nX,),

=inf { s:J(ex, x| Xy X, 1) 2 @ }

S

—inf | s:J(0x]) %y, x,,—) 2 .

s
Let =7 then,
le]

(ex, x| Xp50s X, ),
=inf { |e|t:J(x, x| XX, t) 2 }
=|e|inf { :J(x,%| Xy00 X, t) 20 }

= e (6X] Xm0 X,),-

(4) (x,¥]x;,0.0%,), + (x',y|x2,...,x")a

=inf{ LJ(x,p] x5,.0%,,0) 2 } +inf{ LTV XX ) 2 }
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=inf { t45:J(x,p | X%ypen X, 1) 2@, J (X,

¥|x,,m%,,8)20 }

=inf { t+5:J(X+X, Y| XppnXpot +85) 20 }

=inf { r:J(x+X,y| %X, )20 L7

= (XX, Y] Xypes X, )y -

Fi+s

Therefore (x+ X, 3| Xyse0r %, )y = (5, ¥ Xpsees By )y + (X, ¥ Xaseris X, )+

Thus{ (s,9]o,....0), ;e (0]) }, is a strong n-

Let 0<a, <a,. Then

inner product on X.

(6, ¥ X503 X, )y =inf { £:J(x, )| %00 X, 0} 2 ) }

(6, Y1 X300 X, ) gy =inf{ 1 J(, Y] X5 %,,0)
As a, <a,

= { (X, Y] Xy X5 2 0, }c{

= inf { £:J(%, Y| XX, 1) 2@, }2 i

= (5 X5000%, )y, 2 (X, ¥ | X5me0s X, )

>a, }.

EJ(x, Y] X, 0X, 0} 2 }

nf{ I Y] XX, 2 }

Hence { (o,0]e,....8), :a €(0,]) },is an ascendjng family of strong n-inner products corresponding to

the fuzzy strong n-inner product on X .

Inspired by the theory of o -n-normed linear st

norm and strong a-n-inner product in the follg

yace that was introduced in [8], we now inter-relate -n-

wing theorem.

Further we prove the Cauchy-Buniakowski inequality for strong a-n-inner product space in the

following theorem.

Theorem 4.2

Let {X,(e,0|s,...,0)}, be a strong o« -n-inneg product space. Then the following statements are

equivalent.

1
M) 1 x%,x550%, .= (x, x| x,,...,%,),,2 defined

an g -n-normon X.

1 {
(2) 11X XD 1€ (0, %] Xypees 8,02 (Y | Xg5eeer X, )2
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Proof
(1) = ()
Assume (1) is true. We have to prove (2).
If y = 0, then equality holds in (2). Consider,

2

0L |x- Ay, %500%,
=(x—A,x—-Ay|x,,..X%,),
= (%, %] Xy Xy )y — A% Y] %000 X,), Ay, x| %y,000%,), +11(y,y|x2,...,x")a .

_ (X, ¥ %3500 %,)y
(y’y ’ xl’“"xn)ﬂ

Let A

2

| (6,9 ] %y0ee 2,) |

2
| 3 %305 x, “a

2 16y %pn X )o [0 3| %y %), |

” YsXasn X, ”a2 ” Vs Xoseetn X, 2

=0 S” X, X500 X

n

&

o

|yl X0 x,), I? 2

4
| ya%p0n, |,

" Vo Xy yens X, ILr

L@y 5 x), P

a " ¥, xz,...,x" "az

= 0<| %%, I

N yoyassy, .2 2] Gy lxpnx,)., I2 :

=] x%,,.0%,

1
=2,y %, x,), € (%, x| %500 X, )7 -

)= 1)
(1) Clearly

| %5 %500 %, f|l,= 0

o

=0

0| -

<% %,.,x,),
< X, X,,...,%, are linearly dependent.

(1) As (x,,x, | x,,..., x,), is invariant under any permutation of x,,x,,..., x, it follows
| %,5%,,--, %, ||, is invariant under any permutation of x,, Xy yeres Xy -

() [lex;, %, %, Il

=(cx,,cx, | Xp0en X, )
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= ce(X;, X, | Xyoeen X, )y

=| c IZ (%), %, | Xg5ee0s X, ) -

Taking square root,

=>” CXyy Xyaeenn Xy "a = | ¢ “I XjsXgserns X

. 2
(V) | x+5,%p5000%, I,

=(x+y,x+y|%,,0%,),
=(X,%] X000 %, ) T (X ¥ | Xppeen X, ) T+

=(X,X| X, 500X, ), T ¥ | X500 %, ) T

2
a

S“ X, X500 X, az +|| YsXysn X,

<{ N xxgnx, |+ 25%200 %,

a

S| X+ Py Xgrees Xy [l X Xy, |,

(37,%| %5000 %, ) H (P Y | X500 X, )0

R re (X, ¥ | Xy5es X, )

+-2|| Xy Xyseees Xy "a“ V3 Xyseens Xy “

a

i

+| ¥ %30 %, || -
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